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28359 Bremen, Germany.
Media and Machines Laboratory, Computer Science and Engineering,
Washington University, St. Louis, MO 63130-4899, USA.
Jacobs University Bremen, Campus Ring 1, 28759 Bremen, Germany

Abstract We present a framework for the construction of vascular systems based on optimality principles of theoretical physiology. Given the position and ﬂow distribution of end points of a vascular
system, we construct the topology and positions of internal nodes to complete the vascular system in a
realistic manner. Optimization is driven by intravascular volume minimization with constraints derived
from physiological principles. Direct optimization of a vascular system, including topological changes, is
used instead of simulating vessel growth. A good initial topology is found by extracting key information
from a previously optimized model with less detail. This technique is used iteratively in a multi-level
approach to create a globally optimized vascular system.
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1 Introduction
The understanding of vascular systems is important to many applications. Identifying vascular territories
is crucial for providing resection proposals as well as for preoperatively estimating resection volumes and
patient outcome [32, 4]. Surgery planning would directly beneﬁt from better models of patient vascular
systems [5]. The simulation of vascular remodeling and growth would be an asset in monitoring patient
recovery after destructive surgery. Computer models can be used to create virtual CT scans useful for
verifying vascular image analysis methods [18].
The problem is posed whether the geometry of a vascular system can be solely characterized as the
minimum of a mathematical optimization principle. To this end, we deﬁne an appropriate optimization
problem and cost function and develop an algorithm for its solution.
This formulation is motivated by the observation that natural systems exhibit optimality [25]. The
main consideration in the optimization of a vascular system is the energy required in creating and

Fig. 1 Left: a vascular tree obtained in vitro from corrosion cast imaging [9]. Right: simulation result for a
vascular system ﬁlling a liver shape obtained from CT in-vivo imaging.
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maintaining the system [10, 22]. Speciﬁcally, the minimization of the intravascular volume has been
identiﬁed as a driving design principle [13, 14].
The main contribution of this work is an algorithm for producing realistic vascular trees through the
application of optimality criteria. Rather than growing these trees through the simulation of angiogenesis,
we make the assumption that vascular systems, regardless of how they are formed, tend toward a state
of optimality. Therefore, we directly model a fully formed vascular system without simulating its growth.
A vascular tree is approximated as a collection of connected, straight, cylindrical tubes where hydrodynamic resistance is given by Hagen-Poiseuille’s law assuming laminar ﬂow of a perfect ﬂuid. Various
optimality criteria will constrain properties of the edges of this graph such as ﬂow and radius. Our goal
is to ﬁnd a tree which minimizes the intravascular volume of the system while fulﬁlling the constraints.
Not only are the positions of nodes within the tree optimized, but the topology of the tree itself is
also optimized through the actions of splitting and merging branchings. We ﬁnd that early topological
choices in our optimization propagate through to the end, causing suboptimality. To remedy this problem the coarse structure of optimized trees are used to create better initial trees for another round. This
technique is repeated while maintaining progressively ﬁner structures from the previous round until we
arrive at our ﬁnal result.

2 Related Work
A natural approach to modeling a vascular system is to simulate its growth through angiogenesis. Such
a model of capillary systems was developed to generate realistic looking vascular patterns for surgical
simulation [34]. However, it is too computationally expensive to be applied to macroscopic structures
in three dimensions. Work modeling the growth, branching, and anastomosis [24] and explaining treelike and net-like structures from the basic principles of activation, inhibition, and elongation have been
developed but also suﬀer from a scaling problem [21].
Another approach uses a set of rules which explicitly encode optimality principles to create lung
models deterministically from few predeﬁned bifurcations and the shape of the organ [17, 35]. The rules
steer volume partitioning, branching angles, radius and length ratios, and are applied recursively. Tawhai
extends Kitaoka’s work by introducing average dimensions and order distributions in order to statistically
steer the branching process. Such models have been used in the study of lung dynamics and to create
better lung phantoms [6, 7]. However, the rules must be carefully chosen to explicitly create realism.
We wish to avoid this limitation by only indirectly inﬂuencing the shape of a vascular system through a
more generic use of optimality principles. For example, we will not explicitly constrain branching angles
or the degree of asymmetry of the vascular tree, but will still produce realistic results.
We take as a starting point Constrained Constructive Optimization (CCO) which builds a vascular
system by iteratively adding terminal segments while following certain optimality criteria [27, 31, 30,
28, 29]. Our main modiﬁcation to this approach is to optimize the entire vascular tree at once instead
of only the branches around each segments as it is added.
Initial results for Global Constructive Optimization and their relation to fractal aspects of vascular
systems were published by the authors in [8]. However, the details of this algorithm have not previously
been published.

3 Modeling a Vascular System
3.1 Notation
We deﬁne a vascular system as a tree structure with node positions in two or three dimensions. Formally,
this tree structure is deﬁned as G := (N , E) where N is a set of nodes which must contain a root node
r ∈ R and a set of leaf nodes L, and E ⊂ N × N is a set of directed edges which form a connected, tree
structure. The edge ej = (xj1 , xj2 ) is directed from xj1 to xj2 and the direction must always be away
from the root node. Each edge has the following quantities associated with it: length deﬁned as Euclidean
distance between its source and destination nodes lj = xj1 −xj2 , radius rj , and ﬂow fj . The position of
leaf nodes and the ﬂow of their parent edge are provided by the user and may come from sources such as
MRI perfusion imaging or doppler ultrasound. We denote the set of neighbor edges Bx of a node x ∈ N
as the union of its child edges Ax = {e ∈ E | e = (x, y)} and parent edge {e ∈ E | e = (y, x)}. Neighbor
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Fig. 2 An example tree structure with the Horton-Strahler order of each edge marked. The subtrees of a
particular order can be extracted to obtain coarse level information about the tree.

nodes, child nodes, and parent nodes are deﬁned as the nodes on the other end of their respective edges.
We deﬁne the set of terminal nodes as x ∈ L ∪ R and the branching points as x ∈ V = N \ (L ∪ R).
Horton-Strahler order: We use a graph based ordering scheme to deﬁne a hierarchy on the tree [11, 33].
To this end we introduce the Horton-Strahler order on the set of edges:
HS : E → N

(1)

The edges directly connected to leaves are initialized with a Horton-Strahler (HS) order of 1. A non-leaf
edge (e = (xk , xj )) is assigned the maximum HS order of its children (he = maxec ∈Axj {HS(ec )}) unless
there are two or more children with maximal HS order, in which case it is assigned the maximum plus 1.
⎧
⎪
⎨1
HS(e) = he + 1
⎪
⎩
he

if xj ∈ L
if ∃ en = em ∈ Axj such that HS(en ) = HS(em ) = he
otherwise

(2)

The Horton-Strahler order of a node is deﬁned as that of its parent edge. Figure 2 shows a tree structure
with the Horton-Strahler order of each edge labeled.

3.2 Assumptions
We make several assumptions in our model. First, we assume a laminar, perfect ﬂuid of constant viscosity
ﬂows through the vessel system. In reality, the Fåhræus-Lindqvist law states that blood has a lower
eﬀective viscosity when it ﬂows through small capillaries [3]. However, we model blood vessels of diameter
greater than 0.3 millimeters where blood viscosity is near constant. Additionally, we disregard the eﬀects
of angle of bifurcation and vessel curvature on pressure drops in the vascular system. Finally, we assume
that our ﬂow is steady, not pulsatile. There is literature suggesting that geometrically optimizing a
vascular system is similar regardless of steady or pulsatile ﬂow [1].
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3.3 Physiological Considerations
Both the biochemical energy required to create and maintain blood, and the physical energy required to
pump blood are costly. We assume that in the course of vascular growth these energy costs are minimized
[13, 14]. The Hess-Murray law, which directly arises from this model, relates the ﬂow through a vessel
to its radius [10, 23].
fj = κ rjα

(3)

κ is a constant ﬂow coeﬃcient speciﬁc to each organ and vascular system and the ﬂow exponent α ≈ 3
can be chosen to minimize speciﬁc properties such as shear stress as discussed in section 6.1.
Since ﬂow must be conserved at a branching, for any node x the ﬂow of the parent edge fp must
equal the sum of the ﬂows of the child edges.


fp =

fj

(4)

ej ∈Ax

In combination with (3) this constrains the radii of edges at a branching by the following power law.


(rp )α =

(rj )α

(5)

ej ∈Aep

This equation generalizes beyond particular tissue types since κ is not present.

3.4 Deﬁnition of tree cost
Motivated by the minimization of intravascular volume we deﬁne a cost function for an edge e ∈ E as
follows.
C(e) = reβ feγ le

(6)

When β = 2 and γ = 0 this equation is the intravascular volume. Other values for β and γ are discussed
in section 6.1.
The cost of a graph G = (N , E) is the sum of the costs of all its edges:
C(G) =



C(e)

(7)

e∈E

3.5 The Global Optimization Problem
Consider the global optimization problem depicted in ﬁgure 3, in which we must ﬁnd the best tree
topology which provides ﬂuid to the leaf nodes.
Given L, R, α, β, and prescribed ﬂows and positions at each leaf node, ﬁnd the tree G = (N , E)
with minimum cost that contains L, R ⊂ N as leaf and root nodes, respectively, and fulﬁlls
equation 3 and 4.
The cost function of the tree is partially discrete due to topological choices and is non-convex.
However, when considering a ﬁxed topology, C(G) is a function of the position of nodes and is convex.
This follows from the cost of each edge C(e) being convex when considered as a function of the position
of the edge endpoints.
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Fig. 3 Left: our goal is to create a realistic vascular structure given only the position and ﬂow distribution
of terminal nodes. Right: the resulting vascular structure created by our algorithm for a ﬂat square. Note that
despite the symmetric shape, the optimal conﬁguration evolves to be asymmetric.

Fig. 4 One thousand leaf nodes are randomly positioned inside a cube and the root node is chosen near one of
the corners. The process of optimization starts with a model where every edge connects a leaf node to the root
node (left). The process of relaxation brings the large branching created by the initialization into the middle of
the model (center). Splitting creates smaller nodes, which then relax to their own respective optimal positions
(right).

4 Local Optimization Operators
We now introduce an algorithm which eﬃciently, numerically minimizes the above deﬁned cost function,
while respecting the desired constraints. This algorithm contains two main parts, which are presented
in this section and section 5. The ﬁrst part makes use of relaxation, merging, and splitting of the
branchings, as seen in ﬁgure 4, to create an approximation of a vascular tree. This tree is then pruned
and the leaf nodes are reconnected to their nearest neighbor to create the starting point for another
round of optimization, as seen in ﬁgure 5. These two parts are repeated preserving progressively more
detail in the pruning to arrive at a ﬁnal vascular tree. Figure 6 provides a ﬂow diagram of the algorithm.
In this section will manipulate the graph locally to create more optimal conﬁgurations. To measure
this improvement, we deﬁne the local cost function for a node x as the sum of the cost of each of its
neighboring edges (Bx ).


Clocal (x) =
C(e) =
reβ a − b
(8)
e∈Bx

e=(a,b)∈Bx

When the node x is moved, the change in Clocal (x) is exactly the same as that in C(G).
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Fig. 5 A model, which has been optimized locally (left). The basic structure of this model when all edges of
HS order 3 or less are removed (center). Initial state of the new model, which takes advantage of the old models
structure (right).

4.1 Relaxation
We deﬁne the pull force for a set of edges S as their negative cost derivative.


FS = −

e=(x,yi )∈S

reβ

yi − x
.
yi − x

(9)

When S = Bx this quantity is equal to the local cost derivative ∇Clocal (x) and can be thought of as
a force pulling the node to equilibrium, where the local cost is minimized. Note that the local cost
derivative is solely dependent on the edge radii and not their lengths.
Since C(G) is convex with ﬁxed topology, we can use an optimization algorithm to ﬁnd the global
minimum of the cost function. We call the movement of all branching point positions to their globally
minimal positions for a particular topology a relaxation of the tree. After relaxation, there is still a need
for topological changes; namely, splitting and merging of nodes.

4.2 Merging
The process of merging involves joining two neighboring nodes and removing the edge that was between
them. Merging should be done in a situation where relaxation would place a node at the same location
as one of its neighboring nodes. Although it is possible to explicitly test for this condition, it is easier to
merge nodes together when they are suﬃciently close.
We test the length of each edge against the smallest of its neighbors {e∗ }.
l e∗
≤δ
le

∀e ∈ Bx \ {e∗ }

(10)

If this condition is fulﬁlled for the threshold 0 < δ
1, we remove the edge and merge the two nodes
which it connects. The connectivity of all involved edges is updated by connecting them all to the newly
created node as shown in ﬁgure 7.
The special case of merging with a terminal node is handled by placing the branching node on top
of the terminal node and allowing the pull force of the resulting zero length edge to pull against every
direction. In this way, the branching node is anchored to the terminal node by the force of the zero
length node.

4.3 Splitting
To decrease cost a single node with many edges is split into two nodes with fewer edges as shown in
ﬁgure 8. A new node is created and connected to the old node and a subset of the edges of the original
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Fig. 6 A ﬂow diagram of the complete algorithm. The inner loop optimizes a tree given an initial conﬁguration
which may contain coarse level topological information. The outer loop extracts coarse level tree structures and
feeds them back into the optimizer.

x1
x0

x0

Fig. 7 Result of merge operation on a suboptimal conﬁguration of two neighboring bifurcations. The two
branchings are merged to form a trifurcation: pre-merge (left) and post-merge conﬁguration (right).
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x∗

x
x

Fig. 8 The suboptimal branching is split into two bifurcations: pre-split (left) and post-split conﬁguration
(right). The pre-split corresponds to the post-merge conﬁguration of Fig. 7 after relaxation.

node S ⊂ Bx are moved to be connected to the new node instead. The radius of the new edge v connecting
the nodes is given by the radius law given in equation 5.

1/α

α
re
(11)
rv =
e∈S

To ﬁnd the optimal edges to move to the new node, we compare the pull force of the set of edges
to be moved to the pull force of the edge that would exist if all the edges were aggregated into a single
edge.
σ(S) = FS  − rvβ
if FS = 0
(12)
We deﬁne the diﬀerence between these two quantities σ(S) as the rupture strength. This quantity indicates
the gain from aggregating the edges in S into one edge.
It is computationally expensive to search all sets of edges S to split into a new node. Instead, we
perform a search by ﬁrst ﬁnding the set S2 with two edges which maximizes rupture strength. We then
iteratively ﬁnd the sets Sn with highest rupture strength which contain all the edges in Sn−1 . The set
we thus encounter with the highest rupture strength is chosen as the set of edges to split onto another
node. We have empirically found that this algorithm ﬁnds the absolute best split in all cases we have
been able to verify.
5 Global Constructive Optimization
5.1 Initialization
Initially, we generate the set of leaf nodes L by either ﬁlling a grid or by picking uniformly random points
within the volume. We have found that either method creates similar large scale branching structure, as
can be seen in ﬁgure 9. The location of the root node is chosen manually. To initialize, we create edges
that connect the root node x ∈ R directly to each of the leaf nodes as shown in ﬁgure 4.
The ﬂows at each of the leaves is initialized to a constant value. In the simplest case, this value is
identical for all leaves; however, any ﬂow distribution, such as one derived from physiological data, can
be chosen. Equation 3 is used to initialize the radius of all edges.
5.2 Hierarchical Topology Readjustment
Branchings rarely merge together after they have been split apart. This can lead to early decisions in
the branching structure being preserved throughout the optimization process as shown in ﬁgure 10. We
address this problem with hierarchical-iterations, where the coarse structure of an optimized tree is used
to initialize a new tree which will have more optimal ﬁne structures.
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Fig. 9 Result for shape of a real liver, similar to a portal (left) and a hepatic venous tree (right). Identical
optimization parameters and organ shape were used for both images. The only diﬀerences are the initial root
position (manually chosen) and leaf positions (left: square grid, right: random), and a slightly diﬀerent viewpoint.

Fig. 10 Large splitting planes are the result of early divisions: Left: First split in an optimization with corresponding splitting plane. Center: The resulting splitting plane can be clearly discerned at the same position
after local optimization (arrows). Right: Same model after this problem has been resolved through the use of
hierarchical-iterations.

A pruned tree G  = (N  , E  ) is created from G by removing all edges with Horton-Strahler order
smaller than some threshold.
E  = {e ∈ E | HS(e) ≥ }
N  = {x ∈ N | (x, y) ∈ E  or (y, x) ∈ E  }

(13)

This step creates freedom of movement by removing minor bifurcations which anchor the tree to a local
minimum. We reconnect all the leaf nodes, which were removed in the pruning stage, to the nearest node
in the pruned tree. The new tree G  = (N  , E  ) is created from the pruned tree G  and the leaf nodes L.
N = N ∪ L
E  = E  ∪ {e = (x, y) | y ∈ L, x ∈ N  , y − x ≤ y − a∀a ∈ N  }

(14)

In this way, a new tree is created with larger branchings than the original tree as shown in ﬁgure 5. This
tree is optimized to produce a new tree with better global branching structure.
In each hierarchical-iteration we use the information from progressively ﬁner hierarchical levels. The
ﬁrst hierarchical-iteration is performed on a tree with max hierarchical levels. The max − 1 smallest
levels are pruned away leaving only the coarsest skeletal structure. The leaf nodes are reconnected to
this skeletal structure, and the resulting tree is optimized. This process is repeated while preserving
one more hierarchical level then the previous iteration, until all the hierarchical levels have been used.
Figure 11 shows the global cost decreasing during optimization. Each spike coincides with a new pruning
step on progressively smaller hierarchical levels.
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Fig. 11 The evolution of the global costs versus the number of gradient evaluations is shown for the hierarchical
optimization algorithm. The boxed numbers near the spikes show the smallest Horton-Strahler level which was
preserved in the pruned tree.

5.3 Convergence and Complexity
The algorithm will converge to a local minimum of the cost function, since merging and splitting will
only be performed when they will decrease cost, and the relaxation step ﬁnds the minimum within a
ﬁxed topology.
The computational complexity of the algorithm has two main components. First, ﬁnding the splitting
edges S of a branching has complexity O(N 2 ) where N is the number of edges in the branching. Finding
the set S2 has complexity O(N 2 ) and each of the N −2 additional sets Sn require a scan of the edges for a
total of O(N 2 ). For the initial branching all N edges are in one branching, this is the most time consuming
branching. The second major component of the complexity of the algorithm is in the relaxation step.
Each computation of the gradient requires a scan through the edges of the graph, and must be done
for each of k iterations of the optimization algorithm. The merging steps do not require any additional
complexity since the length of edges must be computed in the relaxation step anyway. Therefore the
complexity of each pruning of a tree is O(N 2 + k N ). In the worst case the highest Horton-Strahler
number for an edge is on the order of O(log(N )) so the complete complexity of Global Constructive
Optimization is O(N 2 log(N ) + k N log(N )).
We were able to completely optimize trees containing 1,000 nodes in approximately 3 minutes of
computation time on a Pentium III, 800 MHz, with 256 MB of RAM. Trees with 12,000 nodes were
optimized in a couple hours.

6 Discussion and Future Work
6.1 Physiological Parameters
In the works of Hess and Murray, the ﬂow exponent α was ﬁxed at a value of 3.0 which minimizes shear
stress on the vessel walls [28]. Other values of α are motivated by minimizing diﬀerent quantities. For
example, a value of 2.55 will minimize wave reﬂection in pulsatile blood ﬂow [1] and the optimal α when
considering non-laminar ﬂows varies between 2.33 for a fully turbulent ﬂow and 3.0 for a fully laminar
ﬂow [37, 26]. Since results have already been published for α = 3.0 we have used this value throughout
the paper [22, 13, 28].
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The choice of β and γ can be set to minimize speciﬁc quantities such as intravascular volume (β =
2, γ = 0), vascular surface area (β = 1, γ = 0), surface forces (β = −2, γ = 1), or work (β = −4, γ =
2) [26, 39, 40]. In this paper we have minimized intrevascular volume (β = 2, γ = 0).
Several studies have veriﬁed scaling laws and parameter values in real vascular systems. Morphometric
data has been used to determine parameters of scaling laws in speciﬁc organs of various species [15, 2].
The contraction of the vascular smooth muscles has been used to explain volume diﬀerences between
the initial and terminal generations of a vascular system from an optimality perspective [16].
Vascular systems exhibit several fractal properties such as volume ﬁlling and scale invariance [19].
Fractal geometry as a biological design principle was put forth in [38]. Speciﬁcally, fractal dimension can
be related to the free parameters in optimality equations and the asymmetry exhibited in the branchings
of the vascular system [36, 12].

6.2 Complementary Trees
A vascular system is composed of more than one vascular tree connected through the capillaries. In our
method this could be modeled by having multiple root nodes which connect to the same set of leaf nodes.
The two main challenges to extending our method in this way are that collisions between trees must be
dealt with and that all paths between roots must have consistent pressure drops. A technique similar to
CCO has been used to create a vascular system comprised of two complementary vascular trees [18]. In
this model, collisions between the two trees are dealt with explicitly. In general, the radius of edges can
be adjusted to create consistent pressure drops, at the expense of violating the radius law.
It has been found that the hydrodynamic pressure drops from the root to the vascular endpoints
exhibit a wide distribution [28]. Given this, the combination of a short perfusion path with a long
drainage path, or vice versa, requires less total intravascular volume than any other combination. We
therefore conjecture that optimization with regards to pressure and ﬂow causes opposing vascular trees
to naturally separate.
The natural separation between complementary trees makes it less likely that a trauma to the organ
will cause the vascular trees to connect causing a short circuit. This line of reasoning has been investigated
by B. Mauroy et al. for the bronchial system [20]. Following their arguments, “the design of bronchial
trees must be provided with a safety factor and the capacity for regulating airway calibre”, without
risking very large variations in air supply. It is a fundamental question, whether a corresponding safety
argument applies to blood vessels.

6.3 Medical Applications and Evaluation
Comparing the generated models for the shape of the human liver with vascular information obtained
from corrosion casts reveals a striking similarity in terms of gross vascular anatomy, branching patterns,
and asymmetry [9]. Quantitative results on scaling and branching properties, such as radius and length
ratios, show a good correspondence.
A potential approach to evaluate our model is to use in vivo data as an initialization for the global
optimization procedure and to quantify the diﬀerences between the initial and ﬁnal conﬁguration. This
would lead to an estimation of the predictive power of optimality in vascular systems.

7 Conclusion
We have presented an algorithm for creating vascular trees. Instead of simulating the growth of a vascular
system, we directly apply optimality criteria to ﬁnd an optimal tree structure. Initial stages in our
algorithm produce suboptimal global structure which cannot be corrected by considering the tree locally.
We therefore use the coarse structure of a previously optimized tree to initialize a new tree. This technique
is iterated while using progressively ﬁner structures until we arrive at our ﬁnal result. The vascular trees
found using our method exhibit realism both in the properties we have explicitly optimized and in
secondary properties such as branching angle and asymmetry. In conclusion, we ﬁnd that optimality
criteria can be used to create realistic vascular trees even when the growth process is not explicitly
simulated.
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